Magnetic skyrmions in chiral-lattice ferromagnets are currently attracting enormous research interest because of their potential applications in spintronic devices. However, they emerge in bulk specimens only in a narrow window of temperature and magnetic field. This limited stability regime is recognized as an obstacle to technical applications. Recent experiments demonstrated that the thermodynamic stability of magnetic skyrmions is enhanced or suppressed by the application of a uniaxial strain depending on its axial direction in bulk chiral-lattice ferromagnets MnSi [Y. Nii et al., Nat. Commun. 6, 8539 (2015), A. Chacon et al., Phys. Rev. Lett. 115, 267202 (2015)] and Cu2OSeO3 [S. Seki et al., Phys. Rev. B 96, 220404(R) (2017)]. Motivated by these experimental discoveries, we theoretically investigated the effects of anisotropic Dzyaloshinskii-Moriya interactions on the stability of magnetic skyrmions caused by this uniaxial strain. We find that magnetic skyrmions are significantly stabilized (destabilized) in the presence of anisotropic DM interactions when an external magnetic field lies perpendicular (parallel) to the anisotropy axis, along which the DM coupling is strengthened. Our results account completely for the experimentally observed strain-induced stabilization and destabilization of magnetic skyrmions and provide a firm ground for possible strain engineering of skyrmion-based electronic devices.
I. INTRODUCTION
Keen competition between the Dzyaloshinskii-Moriya (DM) interactions 1,2 and the ferromagnetic exchange interactions in chiral-lattice ferromagnets often results in the formation of magnetic skyrmions [3] [4] [5] , that is, vortexlike nanometric spin textures characterized by a quantized topological invariant 6, 7 . Their realization was experimentally discovered in metallic ferromagnets MnSi 8, 9 and Fe 1−x Co x Si 10,11 , which have a chiral cubic crystalline structure. Immediately after these discoveries, it was revealed that the magnetic skyrmions can be driven or manipulated with ultralow electric-current densities [12] [13] [14] . The threshold current density turned out to be five or six orders of magnitude smaller than that required to drive ferromagnetic domain walls [15] [16] [17] . Subsequent theoretical work based on Thiele's equation found that this high mobility of magnetic skyrmions is attributable to their topological nature [18] [19] [20] .
Because of their nanometric size and high mobility, magnetic skyrmions are recognized as potential information carriers in future magnetic storage devices of high information density and low energy consumption [21] [22] [23] . Moreover, intensive studies have uncovered their numerous functionalities, and they are now recognized as promising building blocks of versatile functional devices 24 , e.g., logic gates 25 , microwave detection/generation 26 , and brain-inspired computations [27] [28] [29] .
However, the skyrmion phase in these magnets is known to be thermodynamically unstable and only appears in a tiny window of temperature T and magnetic field H below a magnetic ordering temperature in the phase diagram 8, 30 . Indeed, since the discovery of magnetic skyrmions in MnSi 8 and Fe 1−x Co x Si 10,11 , many skyrmion-hosting materials have been discovered [31] [32] [33] [34] [35] [36] [37] , and all these compounds turned out to exhibit similar T -H phase diagrams with a very tiny skyrmion phase regime despite the different crystalline structures and distinct origins of magnetism.
This limited stability of magnetic skyrmions is recognized as an obstacle to technical applications. Therefore, a lot of experimental efforts have been devoted to enhance their stability. Yu and coworkers discovered that the skyrmion phase is strongly stabilized in thin samples, the thickness of which is comparable or thinner than the magnetic modulation period 38 . Subsequent theoretical work has accounted for this phenomena 39 . However, this method restricts the sample shape to thin films or thin plates and thus is not applicable to arbitrary shapes of the sample. It was also reported that applications of hydrostatic pressures 40, 41 and electric fields 42 may enhance the stability of skyrmions slightly. However, the induced changes in temperature range turned out to be very tiny (only by several degrees Kelvin). Another interesting experiment is the rapid cooling of the sample, which often gives rise to a supercooled skyrmion crystal phase that spreads widely in the T -H phase diagram [42] [43] [44] . However, this phase is not a thermal equilibrium phase but a metastable state with a finite lifetime. Therefore, more efficient and elaborate methods to realize these thermodynamically stable skyrmions have been eagerly awaited.
Under these circumstances, experimental applications of uniaxial compressive strain was found to stabilize or destabilize the magnetic skyrmions in MnSi 45, 46 depending on the relative direction of the uniaxial strain against the external H field. They observed that the skyrmion crystal phase regime in the T -H phase diagram for MnSi expands (shrinks) when a uniaxial strain is applied per-pendicular (parallel) to the external magnetic field H. Subsequently, Seki and collaborators reported dramatic changes in stability of magnetic skyrmions by application of a uniaxial strain to chiral-lattice ferrimagnetic insulator Cu 2 OSeO 3 47 . They discovered that the uniaxial strain applied perpendicular to H again widens the skyrmion crystal phase regime significantly, whereas the strain applied parallel to H destabilizes it resulting in the disappearance of the skyrmion crystal phase.
In these experiments, it is expected that the uniaxial compressive strain strengthens the DM coupling on compressed bonds in MnSi, whereas the uniaxial strain strengthens the DM coupling on stretched bonds in Cu 2 OSeO 3 by enhancing the spatial inversion asymmetry of their crystallographic structures. This uniaxial enhancement of the DM coupling in the presence of uniaxial crystalline distortion has been confirmed in experiments on a chiral-lattice ferromagnet FeGe 53 . Note that whether bond compression or bond stretching strengthens the DM coupling may depend on details of the electronic and crystal structures in materials. The variation of DM coupling upon the uniaxial crystallographic distortion as well as their quantitative evaluations may require more microscopic studies based on the first-principles calculations 54, 55 .
Motivated by these experimental findings, we theoretically study the effects of anisotropic DM interactions on the stability of magnetic skyrmions caused by a uniaxial strain in bulk chiral-lattice ferromagnets based on numerical analyses of a classical spin model. We show that the anisotropic DM coupling indeed stabilizes or destabilizes the skyrmion crystal phase depending on the relative directional combinations of uniaxial strain and external magnetic field H. The skyrmion crystal phase regime spreads even to the lowest temperature in the T -H phase diagram when H is applied perpendicular to the uniaxial strain or the anisotropy axis along which the DM coupling is strengthened. Conversely, this regime shrinks or even vanishes when H is applied parallel to the uniaxial strain. These results thoroughly account for the observed strain-induced stabilization and destabilization of magnetic skyrmions in experiments. Our work provides a firm basis to possible strain engineering of magnetic skyrmions towards future skyrmion-based spin electronics.
II. MODEL AND METHODS
To describe the magnetism in a bulk chiral-lattice ferromagnet, we start with the classical Heisenberg model on a cubic lattice 48 :
where m i represents a normalized magnetization vector, andγ(=x,ŷ,ẑ) is a unit directional vector pointing in the γ(= x, y, z) direction. The first and second terms describe the ferromagnetic exchange interactions and the DM interactions, respectively, for the nearest-neighbor magnetization pairs, where J and D γ denote their coupling coefficients. We use the three DM parameters D x , D y , and D z to treat the anisotropic DM coupling induced by the uniaxial strain. The application of uniaxial strain in the γ direction is taken into account by increasing the DM parameter D γ . The last term describes the Zeeman interaction associated with an external magnetic field H = (0, 0, H) applied in the z direction. Note that, in the present work, we consider that all magnetic structures varying slowly in space, and, thereby, their coupling to the background crystalline structure is negligibly weak. This fact justifies our theoretical treatment based on the simple cubic lattice without considering the complicated real crystalline structure after a coarse graining of magnetization distributions and a division of space into cubic cells. However, as pointed out by Buhrandt and Fritz 49 , we need to take care of artificial magnetic anisotropies caused by this cell discretization. To consider these anisotropies, we rewrite the first and second terms of H 1 using a Fourier transformation,
with α k = −J (cos(k x a) + cos(k y a) + cos(k z a))
where a is the lattice constant of the cubic lattice.
in α k and the term a 3 D 6 k 3 γ in β γk give deviations from spherical symmetry and eventually induce magnetic anisotropies. As argued in Ref. 49 , these artificial anisotropies may be compensated by involving the third nearest-neighbor interactions, which are given by
After a Fourier transformation of the total Hamiltonian H = H 1 + H 2 , we obtain α k and β γk ,
From these expressions, we find that the artificial magnetic anisotropies vanish when
as far up as fourth-order terms with respect to k are concerned.
On the basis of the above discussion, we employ the following classical spin Hamiltonian,
In the following, we take J = 1 as the unit of energy and consider a cubic lattice of N =30 × 30 × 30 sites with periodic boundary conditions. We study the ground-state properties at T =0 by minimizing the energies of various magnetic states by relaxing their spatial magnetization configurations. For this purpose, we first prepare initial magnetic configurations by performing a Monte Carlo thermalization at low temperatures, and further relax them by numerically solving the Landau-Lifshitz-Gilbert equation using the fourth-order Runge-Kutta method.
In contrast, the thermodynamic properties at finite temperatures were studied using the Monte Carlo technique based on the Metropolis algorithm. We employed the replica-exchange Monte Carlo method as a measure for the system to avoid getting trapped in local energy minima 50-52 .
III. RESULTS
We examined a case with isotropic DM interactions with D x =D y =D z (Case A) and two cases of anisotropic DM interactions with different axial anisotropy directions against the H field (Cases B and C) [see Fig. 1 (a)-(c)], where H is always applied along the z axis (H z). Case B corresponds to the anisotropic DM interactions with D x > D y = D z , and Case C to those with D z > D x = D y . Here, Case A describes an unstrained system, whereas Case B (Case C) describes a system to which a uniaxial strain σ(⊥H) (σ( H)) is applied along the x (z) axis. Indeed, our numerical calculations for Cases B and C reproduce reported phase diagrams obtained from experiments for σ⊥H and σ H in Refs. 46, 47 , respectively. For more quantitative discussions, it may be necessary to evaluate the strain-induced variation of the DM parameters microscopically using first-principles calculations 54, 55 . However, this is beyond our present scope and is left for future studies.
We first investigate relative stabilities of various magnetic structures for Case A with D x =D y =D z =0.727, Case B with D x =0.8 and D y =D z =0.727, and Case C with D z =0.8 and D x =D y =0.727. In Fig. 1(d) -(i), we show theoretical phase diagrams as function of H at T = 0 that were reproduced from calculated H-profiles of relative energies [ Fig. 1(d )-(f)] and net magnetizations [ Fig. 1(g 
Here we examine five types of magnetic states: two different helical states (helical A and helical B) [ Fig. 1(j) and (k)], a skyrmion crystal state [ Fig. 1(l) ], a conical state [ Fig. 1(m) ], and a ferromagnetic state. Note that helical A and helical B states have nearly the same energies, whereas their propagation vectors are slightly different. A slight difference in energy between these two different helical states might be an artifact of the finite-size effect. Specifically, in the present finitesized cubic lattice, the helical state changes its propagation direction to fit its magnetic modulation period to the system size, which changes slightly upon the variation of H.
When the DM coupling is isotropic with D x =D y =D z as in Case A, only three magnetic phases, i.e., the helical A, conical, and ferromagnetic phases emerge successively as H increases, and the skyrmion crystal phase does not appear [ Fig. 1(d) ]. This result is consistent with the fact that the skyrmion crystal phase appears only as a tiny pocket right below the magnetic transition temperature in the T -H phase diagram for bulk chiral-lattice magnets.
In contrast, for Case B with D x =0.8 and D y =D z =0.727, the skyrmion crystal phase appears sandwiched by the helical phase and the conical phase. Importantly, the regime for the conical phase is significantly suppressed, indicating that this state is destabilized by the H field applied perpendicular to the axial direction in which the DM interaction is stronger, and the skyrmion crystal phase attains a relative stability against the conical state. This result is consistent with the experimental observations that the skyrmion crystal phase is significantly stabilized and spreads even to the lowest temperature in the T -H phase diagram when σ⊥H [45] [46] [47] .
For Case C with D z =0.8 and D x =D y =0.727, the conical phase dominates the phase diagram, and the helical phase and the skyrmion crystal phase totally disappear. This is because the stronger DM coupling on bonds along the z axis and the H( z) field work cooperatively to stabilize the conical state. Specifically, the conical state propagating in the z direction is characterized by the helically rotating magnetizations and the uniform com- the helical phase, whereas the energies E x DM and E y DM are negatively large in the skyrmion crystal phase. On the contrary, the energy E z DM is almost zero in both the helical phase and the skyrmion crystal phase. These facts indicate that in these magnetic structures modulating within the xy plane normal to the external magnetic field H z is stabilized by the energy gain of DM interactions on the in-plane bonds characterized by the DM parameters D x and D y . Thus, the increase of D x and/or D y under application of a uniaxial tensile strain σ (⊥H) energetically stabilizes them. On the other hand, the energy E z DM takes finite negative values in the conical phase, whereas the energies E x DM and E y DM are suppressed to be zero, indicating that the conical phase propagating along H( z) is stabilized with increasing D z under application of uniaxial tensile strain σ ( H).
In the present study, we examined the cases with D z > D x = D y and D x > D y = D z only because these conditions correspond to the situations of previous experimental studies which revealed the drastic strain-induced stabilization and/or destabilization of magnetic skyrmion phases in MnSi 45, 46 and Cu 2 OSeO 3 47 . On the other hand, we didn't study the cases with D z < D x = D y and D x < D y = D z although these conditions are also interesting to be examined. However, we can discuss what will happen for these cases on the basis of the above argument. The obtained H-profiles of partial DM energies indicate that the skyrmion crystal phase is stabilized in the case with D z < D x = D y , whereas the helical phase propagating along the y axis and the conical phase propagating along the z axis are stabilized in the case with D x < D y = D z . In the latter case, the skyrmion crystal phase will become unstable relative to the helical and conical phases.
We next study the phase evolutions at T =0 with increasing anisotropy of the DM interactions. In Fig. 3(a to which a uniaxial strain σ( x) is applied perpendicular to H(⊥z). The skyrmion crystal phase is absent when the DM coupling is isotropic with D x =0.727, but it sets in above D x ∼0.735. This indicates that only 1.1% anisotropy of the DM coupling perpendicular to H significantly stabilizes the skyrmion crystal phase. We also find that the helical phase is also enhanced by a tiny anisotropy of the DM coupling perpendicular to H. In contrast, we show a phase diagram in the plane of D z and H for Case C with D z > D x = D y in Fig. 3(b) , where D x and D y are fixed at 0.727. This condition corresponds to a system to which a uniaxial strain σ( z) is applied parallel to H(⊥z). Apparently, the phase diagram is dominated by the conical phase, whereas the helical phase, which exists when the DM coupling is isotropic when D z =0.727, is abruptly suppressed as D z increases and disappears when D z =0.73. This indicates that only a 0.4% anisotropy of the DM coupling parallel to H makes the conical state stable against other magnetic states. We next study the thermodynamic properties of magnetic states at finite temperatures. For this purpose, we analyzed the classical spin model in Eq. (10) using the replica-exchange Monte Carlo technique. We obtained T -H phase diagrams by identifying phasetransition points from the calculated T -profiles of the specific heats and magnetic susceptibilities. At H=0 and H=0.2, the system exhibits a single phase transition to the helical phase and that to the skyrmion crystal phase, respectively, as temperature decreases. At the transition points, the specific heats exhibit a sharp peak, whereas the magnetic susceptibilities exhibit a kink with a sudden drop. The obtained T -profiles of specific heats and magnetic susceptibilities reproduce well the experimentally observed T -profiles of these quantities. At H=0.26, the system exhibits successive two phase transitions as temperature decreases. The system first enters the conical phase and subsequently the skyrmion crystal phase. The magnetic susceptibility shows peaks at the transition points, whereas we observe a prominent peak at the first transition but no remarkable anomaly at the second transition. Finally, at H=0.36, we again observe a single phase transition, at which the system enters the conical phase. At the transition point, the magnetic susceptibility shows a kink with a sudden rise, whereas the specific heat exhibits no remarkable anomaly. These behaviors are again in good agreement with experimental observations.
In Fig. 5(a) -(c), we display three theoretical phase diagrams in the plane of T and H, which were calculated for Case A with D x =D y =D z =0.727, Case B with D x =0.8 and D y =D z =0.727, and Case C with D z =0. 8 and D x =D y =0.727. The phase diagram in Fig. 5(a) for the isotropic DM interactions is reproduced from previous theoretical work by Buhrandt and Fritz 49 , whereas those in Fig. 5(b) and (c) were obtained in the present work. We also display the experimental T -H phase diagrams for Cu 2 OSeO 3 under application of magnetic field H [100] in Fig. 5(d )-(f), which are reproduced from Ref. 47 . The phase diagram in Fig. 5(d) is obtained for an unstrained sample, whereas the phase diagrams in Fig. 5(e ) and (f) are obtained for strained samples.
When the DM coupling is isotropic, as in Case A, the skyrmion crystal phase appears as a tiny pocket on the verge of the phase boundary between the paramagnetic phase and the conical phase [ Fig. 5(a) ] in agreement with the experimental observations [see Fig. 5(d) ]. This situation changes enormously when we introduce the uniaxial anisotropy of DM interactions by applying a uniaxial strain. When the DM coupling is strengthened on bonds perpendicular to H, as in Case B, the skyrmion crystal phase is significantly stabilized and spreads even into the low temperatures [ Fig. 5(b) ]. This result reproduces well the experimental phase diagram obtained for σ⊥H in Fig. 5(e) . In contrast, when the DM coupling is strengthened on bonds parallel to H as in Case C, the skyrmion crystal phase vanishes, and the T -H phase diagram is dominated by the conical phase propagating in the H direction. This result again reproduces well the experimental phase diagram obtained for σ H in Fig. 5(f) .
IV. CONCLUSION
Motivated by recent experimental findings of straininduced stabilization and destabilization of magnetic skyrmions in bulk chiral-lattice ferromagnets MnSi 45, 46 and Cu 2 OSeO 3 47 , we studied the effects of anisotropic DM interactions on the stability of the skyrmion crystal phase in a numerical analysis of the classical spin model. We found that the anisotropic DM interactions significantly enhance or suppress the stability of skyrmion crystal phase depending on the relative direction of their anisotropy axis against the external H field. More specifically, when the DM coupling perpendicular (parallel) to H is strengthened, the skyrmion crystal phase is stabilized (destabilized). Our Monte Carlo calculations reproduced the experimentally observed T -H phase diagrams for both σ⊥H and σ H. Our results support that the application of uniaxial strain indeed controls the stability of magnetic skyrmions via inducing the anisotropic DM coupling and thus provide firm ground for possible strain engineering of magnetic skyrmions towards future skyrmion-based electronics.
